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Abstract

We consider a slight modification of the Birch test for an AI math-
ematician. We replace the original requirement that the AI satisfy
the conditions of producing mathematical work that is IAN (inter-
pretable, autonomous, and non-trivial) with a more succinct formu-
lation, AU (autonomous and useful). We demonstrate that no AI in
the form of a Turing machine can pass the modified Birch test.

1 Introduction

Recently, Y-H. He and M. Burtzev proposed the Birch test [1] as a benchmark
for AT’s ability to do mathematics autonomously. The three requirements are
that the AT produce work in mathematics that is interpretable, autonomous, and
non-trivial (IAN). It is the combination of the three that is hard to achieve. For
example, some of the recent achievements of application of Al in mathematics
are clearly non-autonomous [2]. It is also very easy to create autonomous Al that
would apply rules of deduction to produce an infinite number of new “theorems”,
however all of them trivial. An example would be extending the multiplication
table to ever larger numbers ad infinitum. It has already been demonstrated by
Turing [3] that Hilbert’s decidability problem, namely whether all mathematical
truths within a well-defined class can be resolved by a Turing machine, can be
restated as the halting problem, and the answer to the latter is ‘no’. The
question we are concerned with is whether a fully autonomous Turing machine
(ATM) can discover any useful math at all. We use a construct similar to
Turing’s halting problem [3] to demonstrate that an ATM cannot pass the Birch
test. Although inspired by and similar to Penrose’s proof [4] that a human



mathematician is not a Turing machine, the present proof is distinct from it,
while contributing to Penrose’s overall argument.

For the purposes of our derivation, we will slightly modify TAN into AU,
replacing the combination of interpretable and non-trivial by “useful”. Clearly,
the words “interpretable”, “autonomous”, and “non-trivial” are not sufficiently
well defined. However, substituting “useful” for “interpretable and non-trivial”
does not change the substance of the definition, while allowing it more precision,
as we will demonstrate below. Our goal is to show that under any reasonable
definition of the words “autonomous” and “useful”, as applied to mathematical
work produced by a robot, the two conditions cannot be satisfied at the same
time.

2 Demonstration

Consider the infinite but countable set of all possible Turing machines { R (n) }ren
that produce mathematical work given an input natural number n. We will posit
that these RMs produce all sorts of intermediate results, and only upon finding
a useful result, may stop and print out the entire derivation. This means that
unless a useful result is attained, the machine will keep running and deriving
more and more intermediate results, which it will not deem “print-worthy”.
The condition that an RM halt only upon attaining a useful result is essential,
because otherwise the machine cannot be autonomous, i.e. a human would
have to check the printed results for “usefulness”. One example of an RM that
should not halt is the above mentioned multiplication machine, as it produces
a lot of correct mathematical work that is not useful (trivial). It is important
that the converse is not true, i.e. the machine upon finding a “useful” result, is
not required to halt. We can think ATM as an orchestrator that algorithmi-
cally launches RMs as bottom-up theorem factories that simply apply rules of
deduction to the body of previously known results and, upon completing each
instruction, run a specialized Turing machine called Detection Machine (DM)
that detects if the execution so far has produced ”useful” mathematical work.
Note, that since there is no requirement to determine that the work is useful,
we can make sure that DM will always halt. We can simply put a limit on its
number of operations, at which point DM gives up without ascertaining that
the work is “useful”. The existence of such a DM is not obvious, but it is a
requirement, since the RM has to detect the “usefulness” autonomously. We
have not so far defined what constitutes “mathematical work”, but in order for
ATM to spawn RMs algorithmically, the set of RMs needs to be recursively
enumerable. Hence, we posit axiomatically that “mathematical work” can be
defined in a way that RMs are recursively enumerable .

Now, the problem is that an RM will almost certainly be stuck in an infinite
run, never producing a useful result. Therefore, the Birch test can only be
passed if there is a Turing machine, which we will call anticipation machine
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(AM), that can determine if an RM Ry (n) will halt. This would be analogous
to the human insight that arguably precedes all our derivation steps [5].

Note that AM, to be usable, must always halt. However, if such an AM
exists, then there also exists an Extended Anticipation Machine (EAM) that,
upon determining that a given Ry (n) halts, puts itself into an infinite loop.

Note: While an RM is a Turing machine, not every Turing machine is an
RM. Here we make an axiomatic stipulation, that EAM, i.e. a Turing machine
which upon halting demonstrates that Ry (n) does not halt, has attained a result
that is “useful”. This is the only condition on “usefulness” that we will have. It
is also an entirely reasonable and natural stipulation, as under any reasonable
definition of “usefulness” that some of the Ry (n) could satisfy, it has to be useful
also to know if some Ry(n) will not halt!

As the reader would have noticed, we formulated the problem of EAM in
terms of the Turing halting problem. Below we follow a variant of the proof of
the Turing halting problem [4] to show that AM does not exist.

Lemma. There is no RM that can determine if Ry (n) will halt for all £ and
n.

Proof. Assume that EAM exists. Namely, A(k, n) will denote the EAM that
halts if Ri(n) does not halt, and does not halt if Ry(n) halts. Now consider
A(n,n). It is an RM, as it is a Turing machine that will only halt upon attaining
a useful result. Hence it is on the list of Ry, and thus A(n,n) = Ry(n) for some
number g. Now consider Ry(g). By construction, if R,(g) halts, it shows that
R,(g) does not halt! Hence, R,(g) does not halt. But the only way it does not
halt is for the original AM to have determined that R,(g) halts! Therefore, by
reductio ad absurdum, the Anticipation Machine does not exist.

Theorem. RM cannot be both “autonomous” and “useful”.

Proof. Given that Anticipation Machine does not exist, it is not possible
to predict algorithmically that Ry (n) will not halt. Therefore, any RM can end
up in an infinite loop that will require a human intervention to reset.

3 Possible objections.

Objection 1. There is only one example of R, for which A(k,n) fails. Why
couldn’t an RM be useful most of the times? It doesn’t need to be always useful.

Response. The diagonal-slash proof is a form of reductio ad absurdum. It
is like the Euclid’s proof that there is an infinite number of primes. The proof
does not show that there is “just one extra prime missing”. Similarly, Cantor’s
original diagonal-slash proof that real numbers are not countable doesn’t just
discover one extra number. In fact, natural numbers constitute an infinitesimally
small fraction of real numbers. Similarly, the number of non-stopping (hence
“useless” RMs) is likely infinitely larger than the number of “useful” RMs.

Objection 2. Couldn’t we design our RMs such that they will likely halt?
Isn’t this the whole art of creating AI?

Response. Here comes the issue of what is understood as “autonomous”.
One requirement for an RM to be autonomous is that humans don’t have to sift



through reams of useless results, hence the machines should halt upon finding
a useful result only. Another requirement is that the machines are not designed
with a particular independently known result in mind. After all, the idea is that
a machine does a somewhat brute force search and churns out results hereto un-
known to humans. Indeed, human intervention can be thought of being between
two extremes: 1) carefully sifting through drivel generated by an undiscriminat-
ing RM hoping to find, by sheer luck, a golden nugget; 2) using human insight
and understanding to design computer programs to attain particular aims, for
example 2 a computer program that calculates the next prime number. The
former is hardly an appealing way of advancing mathematics, while the latter
is commonplace, but can hardly be called “Al doing math”.

Objection 3. In all of the above, the term “useful” is not defined. Wouldn’t
the argument apply to any other adjective describing a result obtained by an
RM?

Response. While the term “useful” is not defined, the stipulation that
A(n,n) is itself an RM relies on a commonsense understanding of what it means
to be useful. For example, if we replace “useful” with “green”, there is no reason
that a Turing machine that shows that an RM is “not green” is itself “green”.
Just as our argument is of the same flavor as Godel’s, Turing’s, and Tarski’s
theorems, so is the concept of “usefulness” from the same category of concepts
that allow self-reference as “provability”, “computability”, and “decidability”.

Objection 4. Couldn’t we avoid the problem of halting by setting some
arbitrary cutoff on how long an RM can run before we halt it?

Response. It makes no difference. Since the goal is to produce a useful
result eventually, upon halting a machine, we have to restart algorithmically
another one, until some machine produces a useful result. Then, the entire
chain of machines can be rolled into one Turing machine that only halts upon
attaining a useful result.

Objection 5. What about the original Birch test?

Response. We replaced “interpretable and non-trivial” by “useful” to im-
prove clarity. However, one could make the same argument with the original
Birch test by stipulating that the result that a certain RM Ry given a certain
input n does not halt is both interpretable and non-trivial. That should be just
as uncontroversial.

Objection 6. Perhaps, “usefulness” of mathematical work can only be
defined outside of mathematics.

Response. This is concordant with Tarski’s theorem and we are sympa-
thetic with that point of view. That would mean that DM does not exist. Of
course, in that case the rest of the argument is unnecessary, as the absence of
DM by itself proves that an autonomous RM cannot be useful.

2Due to Larry Moss



4 Discussion

The argument we present in this paper can be thought of as a formalization of
the intuition that a computer program cannot determine autonomously if the
results it produces are valuable or that “its line of thought” is fruitful. Formal-
ization of fuzzy concepts, such as “interpretable”, “autonomous”, “useful”, and
“trivial”, is bound to be somewhat controversial, and we have addressed some
of the possible objections. However, we believe that the gist of the argument
holds regardless of the particular choice of words, and has both philosophical
and practical implications.

Firstly, our argument only applies to Turing machines. Indeed, unlike a
Turing machine, an analog physical device may not have a countable number of
states. This would suggest that human mathematicians develop useful mathe-
matical work because they happen to be more like “analog devices”, than Turing
machines.

Secondly, our result casts doubt on exuberant expectations [6] that Turing
machines can autonomously produce real mathematical work 2. For better or
worse, we will need humans to do math, even if armed with powerful computers.
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